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Abstract-The authors consider the mth-order neutral difference equation 
D-(Y(n) +P(n)Y(n -k)) + q(n)f(y(dn))) = e(n), 
where m 2 1, (p(n)}, {n(n)), {e(n)), and {al(n)), {az(n)), . . . , {%-l(n)) are real =wnc=, 
ai > 0 for i = 1,2,. . . , m-1, o,(n) G 1, Doz(n) = y(n)fp(n)y(n-k), Diz(n) = oi(n)ADi-lz(n) 
for i = 1,2, . . . , m, k is a positive integer, {u(n)} + 00 is a sequence of positive integers, and f : W -+ W 
is continuous with uf(u) > 0 for ‘u # 0. In the case where {q(n)} is allowed to oscillate, they obtain 
sufficient conditions for all bounded nonoscillatory solutions to converge to zero, and if {q(n)} is a 
nonnegative sequence, they establish sufficient conditions for all nonoscillatory solutions to converge 
to zero. Examples illustrating the results are included throughout the paper. @ 2003 Elsevier 
Science Ltd. All rights reserved. 
Keywords-Asymptotic behavior, Difference equations, Higher order, Neutral equations, Non- 
oscillatory solutions. 
1. INTRODUCTION 
Consider the mth-order neutral difference equation 
k(dn) + dn)y(n - k)) + q(n)fM4n))) = e(n), w 
are real sequences, ei(n) > 0 for i = 1,2,. . . , m - 1 and all n E IV, a,(n) s 1, &z(n) = 
y(n) + p(n)y(n - k), Oiz(n) = ui(n)Ao,-rz(n) for i = 1,2,. . . , m, k is a positive integer, 
{g(n)} is a sequence of positive integers with o(n) -+ oo as n -+ 03, and f : JR + IF% is continuous 
with Us > 0 for u # 0. We let 0 = max{min,en a(n), k} and define a solution of equation (E) 
to be a nontrivial real sequence {y(n)} defined for n 2 No - 8, NO E N, and satisfying (E) for 
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n > No. Such a solution is said to be oscillatory if for every N E N there exist nl, n2 E N with 
n2 > n1 > N and y(nl)y(nz) 5 0, and it is said to be nonoscillatory otherwise. 
The oscillatory properties of solutions of neutral difference equations with {q(n)} eventually 
nonnegative or nonpositive have been studied by many authors; the recent monographs by Agar- 
wal [l], Agarwal, Grace and O’Regan [a], and Agarwal and Wong [3] survey much that is known 
and contain extensive bibliographies on such problems. However, relatively few results have been 
obtained for the case where {q(n)} is all owed to change signs; as recent contributions, we cite the 
papers of Agarwal, Manuel and Thandapani [4,5], and Zafer [6,7]. Our aim in this paper is to 
study the asymptotic behavior of the nonoscillatory solutions of (E) in this case. In addition, we 
are considering equations with forcing terms which also sets our results apart from many others. 
In particular, if {q(n)} is all owed to oscillate, we obtain sufficient conditions for all bounded so- 
lutions of (E) to converge to zero as n + 00. In addition, if {q(n)} is a nonnegative sequence, we 
establish sufficient conditions for all nonoscillatory solutions of (E) to approach zero as n -+ 00. 
Examples to illustrate our results are included throughout the paper. 
2. PRELIMINARIES 
In this section, we present some lemmas that are needed in the proofs of our main results. We 
introduce the notation 
PO(n) = 1, pj+l(n) = Pj(n)p(n - jk), j = 0, 1,2 ,.... (1) 
LEMMA 1. Suppose there exist constants pl, p2 E lw such that 
lb(n)1 I PI < 1 and p(n)p(n - k) 2 0 (2) 
~2 <p(n) IO, 
for n 2 no E No. If y(n) > 0, liminf,,, y(n) = 0, and limn--rcr, z(n) = L for some L E W, then 
L = 0. 
The proof of the above lemma is similar to the proof of Lemma 1 in [8] and will be omitted. 
LEMMA 2. Suppose that either (2) holds or there is a constant p3 E W such that 
p(n) IP3 < -1, (3) 
for n 2 no E No. If 0 5 y(n) 5 yo < 03 and limn+oo z(n) = 0, then limn+oo y(n) = 0. 
PROOF. The proof when case (2) holds is similar to the proof of Lemma 2 in [9] and is omitted. 
Now suppose (3) holds; then 
y(n) I i [z(n + k) - Y(” + k)l I 
for n > no. Iterating, we have 
1 1 
y(n) < -z(n + k) - ,z(n + 2k) + . . . 
P3 P3 
+ (--l)‘-‘iz(n -t tk) + (-l)t-$(n + tk), 
for n 2 no. Since lim,,, z(n) = 0, for any E > 0 there is an n1 1 no such that /z(n)] < 
((lpsl - 1)/2) f E or n 2 nl. Also, we can choose a positive integer to such that y~/(ps(~ < e/2 for 
t > to. Then, y(n) < e for n > max(n1, to}, so limn+oo y(n) = 0. 
Asymptotic Behavior 1463 
LEMMA 3. Suppose Ip( 5 pl < 1. If y(n) > 0 and {z(n)} is bounded from above (y(n) < 0 
and {z(n)} is bounded from below) for n 2 n1 > TZO, then {y(n)} is bounded. 
PROOF. Suppose y(n) > 0 and z(n) 5 K < 00 for n 2 nl. Then 
y(n) = z(n) - p(n)y(n - k) = z(n) - P1(n)z(n - k) + Pz?(n)y(n - 2k), 
for n > no + 2k. It follows that 
t-1 
y(n) = c(-l)jP,(n)z(n - jk) + (-l)%(n)y(n - tk), 
j=O 
(4 
forn>no+tk,t=1,2 ,.... 
~etO<y(n)~Cforn~<n~no+k;theny(n-tk)~Cfor~o+tk~~~~0+(~+~)k.Now 
since Ip( < p1 < 1, it follows that IPj(n)l 5 p: < 1 for n 2 no +jk, j = 1,2,. . . . From (4), we 
then have 
t-1 
0 <y(n) 5 Kxp’, +P;C I & +C=KI <ca, 
j=o 
for no + tk _< n 2 no + (t + l)k, t = 1,2,. . . ‘This implies 0 < y(n) 5 Kl for n 2 no. The proof 
in case y(n) < 0 and {z(n)} is b ounded from below is similar. 
Next, we set Ao(n) = 1 and let 
and 
Aj(n) = 2 y, if Aj(n0) < co, forj=1,2 ,..., m-l. (6) 
s=n+l 3 
LEMMA 4. Suppose Ip( 5 pl < 1, and for j = 1,2,. . . , m and N > no, let 
uj(n) = 2 Aj-l(s)ADj-lz(s). 
s=N+l 
(i) 1f lim,,, zlj(n) = 03 (-W) for some j = 2,3,. . . ,m, then limn+oo Ui(n) = co (-09) for 
i=1,2 ),,., j-1. 
(ii) If {z(n)} is a bounded sequence and limn+co u,(n) exists, then limn--too z(n) = z. E W. 
(iii) If (5) holds, then limn.+oo Diz(n) = 0 for i = 1,2,. . . , m - 1. 
PROOF. It is easy to see that for each j = 1,2,. . . ,m - 1, the sequence {“j(n)} satisfies the 
difference eauation 
aA, - uj(n) = evj+l(n), n 2 N, (7j) 
q+~(n) = u~+~(n)+Aj(N+l)D~z(N+l)--Aj-1(N+l)AD+-1z(N+l), j=1,2 , . . . ,m-1, 
and 6 = fl or -1 depending on whether (5) or (6) holds, respectively. Now if (5) (respectively, 
(6)) holds, then Aj(n) > 0, AAj(n) > 0, and lim,,,Aj(n) = cc (Aj(n) > 0, A/Q(n) < 0, and 
limn+m Aj(n) = 0) for j = 1,2,. . . ,m - 1 and n 2 N. From (7j), we have 
n-1 
uj(n) = cAj(n) c 4 (s) 
s=N 4 (s)Aj (s + l) 
q+1(s), j=1,2 )...) m-l. (8i) 
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(i) Let j E {1,2,. . . , m - 1) with lim,,, zlj+r(n) = oo; then limn+a, wj+i(n) = co. By (8j) 
and either (5) or (6), we have limn-+cz, uj(n) = co. If j > 1, we can repeat this process to 
obtain successively that limn-,m zli(n) = 00 for i = j - 1,j - 2,. . . , 1. 
(ii) Let {z(n)} b e b ounded. Then ui(n) = t(n+l)-z(N+l) is also bounded. If lim?z--roo urn(n) 
exists, then by (7,-i), lim,,, u,-i(n) exists. Proceeding successively, we obtain that 
limn-+m uj(n) exists for eachj = 1,2,..., m - 2. By Part (i) and the fact that {ui(n)} 
is bounded, there exist finite numbers bj, j = 1,2, . . . , m such that limn+oo uj(n) = bj, 
j= 1,2 3”‘) m. Therefore, from (7j), we have 
$ir -+&Au&) - uj(n)] 
= E h+l + MN + l)Djz(N + 1) - EA~-I(N + l)AD,-i(ZV + 1)] = cj+i, 
for j = 1,2,. . . ,m. Now from (Qj) and the definition of {“j(n)}, we have 
’ 
JZ% AAj(n) 
aAuj(n) = Iim Aj(n)Djz(n + 1) = cj+r - bj = dj n-cc 
CQj) 
(10) 
and 
lim z(n) = bl + z(N) = cl. 
n-+m 
(iii) If Aj (oo) = 00 for j = 1,2, . . . , m - 1, then (10) yields 
lim DjZ(7t) = 0, j=1,2 ,..., m-l. 
n+m 
3. MAIN RESULTS 
We will make use of the notation q+(n) = max{q(n),O} and q-(n) = max{-q(n),O} so that 
q(n) = q+(n) -q-(n) for all n > 120. 
THEOREM 1. Suppose that either condition (2) holds, or there exist constants p4 and pg such 
that 
P4 5 p(n) I P5 < -1, (11) 
for n 2 no. In addition, assume that 
(1% 
and either 
2 A,-l(n)q+(n) = 00 and 2 A,,+.l(n)q-(n) < 00 (13) 
or 
2 A,-l(n)q+(n) < co and 2 A+l(n)q-(n) = 00. (14) 
TZ=no TZ2=7lO 
Then every bounded solution {y(n)} of (E) is either oscillatory or satisfies lim,,, y(n) = 
lim,,, z(n) = 0. In addition, if (5) holds, then 
lim &z(n) = 0, for i = 1,2, . . . ) m - 1. (15) n-00 
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PROOF. Let {y(n)} b e a bounded nonoscillatory solution of (E), say y(n) > 0, y(n - k) > 0, 
and y(a(n)) > 0 for n 2 N. Since {y(n)} is bounded, (2) or (11) implies {z(n)} is bounded. 
Multiplying (E) by A,-1 and summing from N + 1 to n, we have 
urn(n) = 2 A,-~(s)D,z(s) = 2 A,-l(s)q-(s)f(y(a(s))) 
s=N+l s=N+l 
- ,e A,-l(s)q+(s)f(y(a(s))) + 2 Am-l(s)e(s). 
(16) 
s=N+l s=N+l 
Suppose (13) holds. If 
2 A,-l(n)q+(n)f(y(a(n))) = 00, 
n=N+l 
then the boundedness of {y(n)}, (12), (13), and (16) imply lim+,ooUm(n) = -oo. By 
Lemma 4(i), limn-+m z(n) = -cc which contradicts the boundedness of {z(n)}. Hence, 
2 A,-l(n)q+(n)f(y(a(n))) < 00. (17) 
n=N+l 
Letting n + 00 in (16), we have lim,,,u,(n) = b, for some b, E R. Lemma 4(ii) and the 
boundedness of {z(n)} imply limn-roo~(n) = bs E B. From (13) and (17), we have 
liminf,,, y(n) = 0, so by Lemma 1, limn+m z(n) = 0. Lemma 2 then implies lim,+,, y(n) = 0. 
Finally, if (5) also holds, then we have limn+oo Djz(n) = 0, j = 1,2,. . . , m - 1. The proof 
if (14) holds is similar. 
EXAMPLE 1. Consider the difference equation 
Conditions (2), (5), (12), and (13) of Theorem 1 hold. Equation (El) has the nonoscillatory 
solution {y(n)} = ((2 - (-1)“)/2”}. Here {z(n)} = ((2 - (-1)“)/2”+l}, and it is easy to see 
that lim,,, y(n) = lim,,, z(n) = lim,,, Diz(n) = 0. 
EXAMPLE 2. Consider the difference equation 
A 22”A 
( ( 
y(n) - ;y(n-2) 
>> 
- 22n+l (n” + 1) y(n + 1) = -n22n, n 2 3. (Ed 
Conditions (2), (6), (12), and (14) of Theorem 1 are satisfied, and equation (Es) has the nonoscil- 
latory solution {y(n)} = {l/2”}. For this equation, {z(n)} = {-l/2”-l}, {Diz(n)} = {2”}, 
limn+oo y(n) = lim,,, z(n) = 0, and lim,,, &z(n) = 00. We see that if (5) is not satisfied, 
then (15) need not hold. 
As an example with {p(n)} and {q(n)} oscillatory, we have the following example. 
EXAMPLE 3. Consider the equation 
y(n) + (-1Y Ty(n - 2) >> [ + 27+1(1+ (-1)n) - l +;;;;n+l] y(n - 1) 
= (1 + 25(-l)n) - ’ ;;nzt;+l, 
(E3) 
n 1 3. 
Hypotheses (2), (6), (12), and (13) of Theorem 1 are satisfied. Equation (Es) has the nonoscilla- 
tory solution {y(n)} = {1/2n}, an we see that {z(n)} = {(l+(-l)n)/2n}. Here, limn+ooy(n) = d 
limn-,oo z(n) = 0 but Djz(n) ft 0 a.s n -+ 00 for j = 1,2,3. 
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The following two examples show that in some sense the conclusion of Theorem 1 is the best 
possible under the given hypotheses. 
EXAMPLE 4. As a simple example of an equation that satisfies all the conditions of Theorem 1 
and has an unbounded oscillatory solution, consider 
y(n) - ;y(n - 2) + 21(2-n)y(?7. - 2) = 0, n 2 2. (E4) 
Here, {y(n)} = ((-2)“) is such a solution. 
EXAMPLE 5. Consider the equation 
A (amnA (y(n) + ay(n - b))) + vy3(n - c) = 0, n>b+c, (E5) 
where b and c are positive integers and a is a constant with either a < -1 or -1 < a < 1. The 
hypotheses of Theorem 1 are satisfied and this equation has the bounded oscillatory solution 
{y(n)} = {(-l)n} that does not converge to zero. 
In our next theorem, we ask that {q(n)} b e nonnegative and obtain that any solution is either 
oscillatory or converges to zero as n + 00. 
THEOREM 2. Assume that conditions (2), (6), and (12) hold, q(n) 2 0, and 
2 A,_l(n)q(n) = 03. 
71=00 
Then any solution {y(n)} of equation (E) is either oscillatory or satisfies limn+oo y(n) = 0 and 
lim,,, z(n) = 0. 
PROOF. Let {y(n)} b e a bounded nonoscillatory solution of (E), say y(n) > 0, y(n - k) > 0, and 
y(a(n)) > 0 for n > N. Multiplying (E) by A,- i and summing from N + 1 to n, we obtain 
u,(n) = 2 A,-l(s)kz(s) = 2 .A,-l(s)e(s) - 2 A,-l(s)q(s)f(y(a(s))). 
s=N+l s=N+l s=N+l 
Similar to the argument used in the proof of Theorem 1, the above expression implies {urn(n)} 
is bounded from above, i.e., 
G.,(n) = u,(n) + A,-I(N + l)D,-iz(N + 1) + A,_z(N + l)AD,-az(N + 1) < K < 03, 
for some K > 0 and all n > N. F’rom (6) and (8,-i), we obtain 
n-1 
urn-l(n) 5 -K&-l(n) c 
A&-l(s) 
s=N Am-l(s)&-l(s + 1) 
=K 
for n 2 N. Repeating this argument m - 2 times, we eventually obtain that ui(n) = z(n + 1) - 
z(N + 1) is bounded from above. By Lemma 3, {y(n)} is b ounded, so applying Theorem 1, we 
have lim 11+oo y(n) = lim,,, z(n) = 0. 
EXAMPLE 6. Consider the difference equation 
A(n(n+l)A((n+2)(n+3)A(?icn+l)A(y(n)-~y(n-l))))) (Es) 
+n4v3(7n) = r3cTz+ 1j3y n 1 2, 
where y is a positive integer. All conditions of Theorem 2 are satisfied, so every nonoscillatory 
solution of (Es) tends to zero as n + 00; {y(n)} = {l/n(n+l)} is such a solution of this equation. 
In our final result, we examine equation (E) in the case where {p(n)} is bounded, and we 
establish criteria for all bounded nonoscillatory solutions to tend to zero as n + co. Here, we 
again allow the sequence {q(n)} to change signs. 
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THEOREM 3. Assume that {p(n)} is bounded, 
(18) 
and 
(19) 
Tk=710 
If either 
F q+(n) = 00 and 2 q-(n) < co (20) 
7L=710 7L=7Q 
Or 
2 q+(n) < 00 and F q-(n) = 03, (21) 
71=7L0 7L=710 
then every bounded solution {y(n)} of(E) is either oscillatory or satisfies liminf,,, jy(n)j = 0 
and lim,,, Diz(n)=Ofori=O,l ,..., m-l. 
PROOF. Let {y(n)} b e a b ounded nonoscillatory solution of (E) with y(n) > 0, y(n - k) > 0, and 
y(c~(n)) > 0 for n 1 N. Since {p(n)} and {y(n)} are bounded, {z(n)} is bounded. Summing (E) 
from N to n - 1, we obtain 
7X-l n-1 n-1 
D,-~z(Tz) - D,,-l~(N) + c q+(s)f(y(4s))) = c e(s) + c q-(s)fb(ds))). 
s=N s=N s=N 
Suppose (20) holds. If 
M 
c q+w(Y(cm) = co7 
s=N 
then limn+m L~,,-~z(n) = --M. Condition (18) then implies limn+oo z(n) = -03, which contra- 
dicts the boundedness of {z(n)}. Hence, 
2 q+w(Y(44)) < 00, 
s=N 
(22) 
from which it immediately follows that liminf,,, y(n) = 0. Now, (19), (20), and (22) imply 
limn+oo D,-lz(n) exists and is finite. In view of (18) and the boundedness of {z(n)}, we see 
that limn+oo Djz(n) = 0 for j = 1,2,. . . m - 1. A similar proof handles the case where (21) 
holds. 
We conclude this paper with the following example. 
EXAMPLE 7. The difference equation 
a((n+l)A((n+l)h(~(n)++-1)))) 
+ -&/3(n + 1) = -2 n(n + 1) + (n +l1)4/3) n 2 2, 
Q37) 
satisfies the hypotheses of Theorem 3. This equation has the nonoscillatory solution {y(n)} = 
{l/n}. Here we have {z(n)} = {2/n}, and it is easy to see that liminf,,, y(n) = 0 and 
limndoo Diz(n)=Ofori=0,1,2. 
REMARK. The results in this paper extend some of those obtained in [lo]. In addition to the 
fact that the equations under consideration here are of the “neutral type” and those in [lo] are 
not, in [lo] we only considered the case where condition (6) above holds. 
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